CHARACTERIZING OPERATIONS PRESERVING SEPARABILITY
MEASURES VIA LINEAR PRESERVER PROBLEMS

NATHANIEL JOHNSTON!

ABSTRACT. We use classical results from the theory of linear preserver problems to char-
acterize operators that send the set of pure states with Schmidt rank no greater than k
back into itself, extending known results characterizing operators that send separable pure
states to separable pure states. We also prove an analogous statement in the multipartite
setting. We use this result to develop a bipartite version of a classical result about the
structure of maps that preserve rank-1 operators and then characterize the isometries for
two families of norms that have recently been studied in quantum information theory.
We see in particular that for k > 2 the operator norms induced by states with Schmidt
rank k are invariant only under local unitaries, the swap operator and the transpose map.
However, in the k = 1 case there is an additional isometry: the partial transpose map.

1. INTRODUCTION

The distinction between separable and entangled states is of paramount importance in
quantum information theory, and entanglement leads to some of its most intriguing and
counter-intuitive results. A pure quantum state (i.e., a complex unit vector) in the tensor
product of two or more Hilbert spaces is said to be separable if it is an elementary tensor,
otherwise it is called entangled. A natural generalization of the notion of separability for
pure states is Schmidt rank [1], which provides a rough measure of how entangled a state
is — a state has Schmidt rank 1 if and only if it is separable.

A natural question that can be asked of the set of separable states is what operators it is
preserved by. It is clear that local unitaries (i.e., unitaries acting on each of the component
Hilbert spaces independently) send separable states to separable states. Additionally, a
swap operator that interchanges some of the component Hilbert spaces preserves the set of
separable states. In fact, it has been shown [2] 3] in the bipartite case (i.e., the case when
there are two component Hilbert spaces) that all operators preserving the set of separable
states must be either a local unitary or the product of a local unitary and the (essentially
unique) swap operator. In this work we generalize this result in two ways and investigate
several related questions.

First, we examine the bipartite case in more depth and show that, for a fixed k > 1, if
an operator sends the set of states with Schmidt rank at most k£ back into itself, then it
also must be either a local unitary or the product of a local unitary and the swap operator.
Moreover, our proof of this generalization will follow almost immediately from some known
results from the theory of linear preserver problems. Second, we investigate the natural
multipartite generalization and show that if an operator maps the set of (multipartite)
separable states into itself then it must be the product of a swap operator (where now
there are several different possible swap operators because there are more than two Hilbert
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spaces that can be swapped) and a local unitary. Applications of our results will include
characterizations of the isometries of certain families of norms that have recently been
studied in quantum information theory [4, 5, 6, [7] and a characterization of operators that
preserve the geometric measure of entanglement in multipartite systems [§].

The remainder of this paper is organized as follows. A brief introduction to quantum
information theory and the notation that we will use is provided in Section We then
introduce linear preserver problems and describe two specific examples that will be of use
to us in Section [8] In Section [4] we use those linear preserver problems to generalize a
known result characterizing operations that send separable pure states to separable pure
states. We also prove a bipartite version of one of the linear preserver problems that was
introduced.

In Section |5 we use our results to characterize the isometries of two families of norms
relevant to quantum information theory. We will close in Section [6] by generalizing a simpli-
fied version of one of our results to the multipartite case and characterizing operators that
preserve the geometric measure of entanglement.

2. FUNDAMENTALS OF QUANTUM INFORMATION THEORY

We will use H,, to denote a complex Hilbert space of (finite) dimension n and L(Hy,, Hm)
the set of linear operators from H,, to H,, (for brevity, we will simply write L(H,,) if m = n).
Almost every Hilbert space we work with will be bipartite, meaning it is the tensor product
of two smaller Hilbert spaces: H,, ®H,,. We will make use of bra-ket notation from quantum
mechanics as follows: we will use “kets” |v) € H,, to represent unit (column) vectors and
“bras” (v| := |v)* to represent the dual (row) vectors, where (-)* represents the conjugate
transpose. We will use (-)” to represent the regular transpose of a vector or operator and
we will write the standard basis vectors of H,, as {|1),]2),...,|n)}. We will sometimes refer
to unit vectors as (pure) states. When dealing with vectors that do not have norm 1, we
will write them as c|v) where ¢ € R is the magnitude of the vector and |v) € H,, is a pure
state specifying the direction of the vector.

A central fact in the theory of bipartite entanglement is the Schmidt decomposition
theorem [I, Chapter 2], which says that any pure state |v) € H,, ® H, can be written
in a tensor decomposition |v) = Z;c:l oila;) @ |b;), where {|a;)} C Hpm and {|b;)} C
‘H,, are orthonormal sets of vectors and {«;} is a family of positive real constants. The
standard proof of the Schmidt decomposition theorem proceeds by associating H,, ®H,, with
L(Hy,, ") via the isomorphism defined on rank-1 tensors by |a) ®|b) — |a)(b] — we will refer
to this isomorphism as the “vector-operator isomorphism”. Extending by linearity allows
us to associate an arbitrary pure state |v) in this way to an operator A, € L(Hy, Hm). The
Schmidt decomposition of |v) is then nothing more than the singular value decomposition
of A,: the coefficients {c;} are the singular values of A,, {|a;)} are its left singular vectors,
and {|bz>} are (up to complex conjugation) its right singular vectors. We will make use of
this isomorphism in the proofs of Theorems and

Of particular importance for us will be the notion of Schmidt rank (or tensor rank)
for a pure states |v), which is defined as the number of non-zero terms in its Schmidt
decomposition (or equivalently as the rank of the operator A, to which |v) is associated).
We will denote the Schmidt rank of the vector |v) by SR(|v)). Note that 1 < SR(Jv)) <
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min{m,n} for all |v) € H,;, ® H,. Pure states with Schmidt rank equal to 1 are called
separable, whereas pure states with Schmidt rank greater than 1 are called entangled.

One fundamental question that can be asked of a unitary U € L(H,,) ® L(H,,) is whether
or not it can alter the Schmidt rank of pure states. It is not difficult to see that if U is
a tensor product of unitaries then it preserves Schmidt rank. Similarly, Schmidt rank is
preserved by the “swap operator” S € L(H,) ® L(Hy) defined by S(|a) ® |b)) = |b) @ |a)
for all |a),|b) € Hy. From these observations it will become important for us to consider
unitaries U € L(Hn,) ® L(Hy) of the form

(1) U=W®Y o n=mandU=SWQRY),

for some unitaries W € L(H,,) and Y € L(H,). In slightly more generality, we will consider
nonsingular operators L € L(H,,) @ L(H,,) of the form

(2) L=P®Q o n=mandL=SP®Q),

for some nonsingular P € L(H,,) and Q € L(H,).

We will close this section with a simple lemma that shows that any operator that preserves
the length of separable pure states must be unitary (and thus must preserve the length of
all pure states). We will later study the linear isometries under other norms that are related
to the Schmidt rank of pure states.

Lemma 2.1. Let U € L(Hm) ® L(Hn). Then ||Ulv)|| = ||[v)]| for all separable |v) €
Hm & Hy if and only if U is unitary.

Proof. The “if” implication is trivial. To see the “only if” implication, note that (v|U*U|v) =
1 for all separable |v), so

(3) W|(U*U = D)) =0 Y |v) € Hm @ Hy with SR(|v)) = 1.

We claim that this implies U*U — I = 0 and so U must be unitary. To prove this claim,
write U*U —1 = 371 [i)(j|® X;;, where {Xi;} C L(Hy). If [v) = |v1) ®]|va), then from

we have

m
(4) (vt (3 (vl Xigloa) i) (71 [or) =0 V]ur) € L(Hyn), [v2) € L(H):
ij=1
Because U*U — I is Hermitian, so is D7 (v2| Xjjlv2)|i)(j|. It follows from Equation (4]
that 37 (va| Xijlv2)[é) (j] = 0 for all [v2) € L(H,). However, because the set of operators
{|’L><]|}Z:1 is linearly independent, this implies that

(5) <U2’X¢j‘v2> =0 Vi,j and V ”1)2> € ﬁ(Hn)
Using the fact that U*U — I is Hermitian again, we have that X;; = X ji, so Equation

implies that (v2|(Xi; £ X7;)|v2) = (v2|(Xij £ Xji)lv2) = 0 for all i,j and all [vg). This
implies that X;; £ X;; =0forall 1 <4, <m,so X;; =0forall 1 <i,5 <maswell. [
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3. LINEAR PRESERVER PROBLEMS

Many of our results will stem from classical results about linear maps on complex matrices
that preserve some of their properties (such as their rank, singular values, or operator norm).
The problem of characterizing such maps is known as a linear preserver problem, and the
interested reader can find an overview of the subject in [9, [10] [11].

One linear preserver problem that is particularly well-known in quantum information
theory is the problem of characterizing maps ® : L(H,) — L(Hy,) such that (id, @ ®)(X)
is positive semidefinite whenever X € L(H,,) ® L(H,) is positive semidefinite — such maps
are said to be completely positive. 1t is well-known that ® is completely positive if and only
there exist operators (called Kraus operators) {A;} C L(Hy) such that ®(X) =Y, A; X Af
[12]. A completely positive map that is trace-preserving (i.e., Tr(®(X)) = Tr(X) for all X)
is called a quantum operation, as such maps represent the evolution of quantum states in
the Schrodinger picture of quantum dynamics. The interested reader is directed to [13] for
a detailed discussion of the structure of completely positive maps.

Another linear preserver problem states that if ® : £L(H,,) — L(H,,) preserves the Frobe-
nius norm of all operators X € L(#,), then it can be written in the form ®(X) =
> A XBE where Y, A; ® B; € L(H,) ® L(Hy) is a unitary operator — a fact that fol-
lows easily from the vector-operator isomorphism and the fact that the Frobenius norm
corresponds to the Euclidean norm through the isomorphism. For this reason we will refer
to any linear map on matrices that preserves the Frobenius norm as unitary.

A related result states that if ® is a linear map that preserves the operator norm [14]
(or indeed any unitarily-invariant norm on £(#,) that is not a multiple of the Frobenius
norm [I5]), then there exist unitaries U,V € L(H,) such that either ®(X) = UXV for
®(X) = UXTV. We will prove a similar statement for a family of norms related to the
Schmidt decomposition of pure states in Section |5, though we will see that U and V must
both be of the form .

The final linear preserver problem that will be of great use to us concerns maps that are
rank-k-non-increasing (or equivalently, rank-k-preserving).

Proposition 3.1. Let k,m,n be positive integers such that 1 < k < min{m,n} and let
O L(Hp, Hin) = L(Hp, Him) be an invertible linear map. Then rank(®(X)) < k whenever
rank(X) < k if and only if there exist nonsingular P € L(H,,) and Q € L(H,,) such that ®
is of one of the following two forms:

(6) ®(X)=PXQ or n=m and ®(X)=PXTQ.

Proposition (3.1]is more often stated for maps that send operators with rank k to operators
with exactly rank & [16] [I7, [I8]. The above stronger version involving operators of rank at
most k can be found in [11], Section 3].

4. OPERATIONS PRESERVING THE SCHMIDT RANK OF PURE STATES

We will now tackle the question of what operators map separable pure states to separable
pure states. It is clear that any unitary of the form is an example of one such operator.
In fact, it was shown in [2 3] that all such operators are of this form, though both proofs
are quite long and involved. We now prove a stronger result — that if an operator maps the
set of pure states with Schmidt rank at most k& into itself for some 1 < k < min{m,n} then
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it must be a unitary of the form . Moreover, our proof is quick and elementary thanks
to Proposition (3.1

Theorem 4.1. Let L € L(H.,) @ L(Hy) be an invertible linear operator and define Sy to
be the set of scalar multiples of pure states with Schmidt rank no larger than k:

Sk = {c|w) € Him ® Hp : c € R, SR(|w)) < k}.

Then the following are equivalent:

(a) There exists some 1 < k < min{m,n} such that LSy C Sk;
(b) LSk, = Sk for all 1 <k < min{m,n};
(¢) L is an operator of the form .

Furthermore, if L sends pure states in Sy to pure states (i.e., it does not alter their norm)
then L is a unitary of the form .

Proof. 1t is straightforward to see that (¢) = (b) = (a), so we only prove the implication
(a) = (c).

To this end, recall the vector—operator isomorphism that associates a pure state |v) €
Hpn @Hy, with an operator A, € L(Hy,, Hy). The same isomorphism associates the operator
L e L(Hy) ® L(H,) with a superoperator @, : L(H,,, Him) — L(Hn, Hm). Then condition
(a) is equivalent to the statement that there exists some 1 < k < min{m,n} such that
rank(®r(A,)) < k whenever rank(4,) < k. Proposition then says that there exist
nonsingular P € L(H,,) and Q € L£(H,) such that @, is of the form (6.

The given form of @, says, again via the vector-operator isomorphism, that either

L=P®QY or n=mand L=2SQT®P),

completing the (a) = (¢) implication. The final claim is trivial — if L preserves the length
of separable pure states then P and ) must each be unitary, so L must be a unitary of the

form . O

Notice that if L preserves the length of states with Schmidt rank no greater than k, then
we can ignore the invertibility hypothesis of the above result because Lemma tells us
that L is necessarily unitary (and thus invertible). Also, we can rephrase Theorem in
terms of completely positive maps that send pure states with small Schmidt rank to pure
states with small Schmidt rank.

Corollary 4.2. Let 1 < k < min{m,n} and let ® : L(H) @ L(Hp) — L(Him) @ L(Hy,) be
an invertible completely positive linear map. Define S, to be the set of scalar multiples of
projections onto pure states with Schmidt rank no larger than k:

Si := {c|w)(w| € L(Hm) @ L(Hy) : ¢ € R, SR(Jw)) < k}.

Then ®(Sk) C Sk if and only if there exists an invertible L € L(H ) RL(H,) of the form
such that ®(X) = LXL*. Furthermore, if ® is trace-preserving (i.e., a quantum operation)
then L is a unitary of the form .

Proof. Since ® is completely positive, there exist Kraus operators {Al} such that ®(X) =
> ; AiX A?. Consider the family of operators p;, := [7)(j| ® |[€)(¢| € S; where 1 < j < m,
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1 < ¢ < n. If we define ¢; p|a; ;) := A;|h) to be the h" column of A;, then

P(pje) ZAZPMA* ZC G— Dm0, G—1)n+0) (@i, (i—1)nrel-

By hypothesis however, (I)(pj7g) has rank 1 for all 7, £. It follows that for all i1, 42, h either
cip =0 or l|an) = |ain)

In the case when ¢;;, = 0 we can choose |a;, ) = |a;, ) anyway. Thus we have that the
columns of the Kraus operators {Al} differ only by constants — we will now show that
for a fixed pair 41,72, each of these constants must actually be the same — i.e., the Kraus
operators A;,, A;, themselves differ only by constants.

To this end, now consider the action of ® on operators pj;,, := (|7)+|r)) ({F[+(r])®|€)(¢] €
Si. If we define hj := (j — 1)n + ¢ and h, := (r — 1)n + ¢ then

P(pjr.e) Z AipjreAi = Z(Ci,hj |@in;) + Cinelaing))(Cing@in | + cin(ain,])-

Again, these operators must have rank 1 for all j,r, ¢, so we see that there exist constants
dil,iz,hj,hr such that

() Ciyhyl@i ng) + iy ol @iy b)) = iy ig b he (Cin i | Qig b))+ Cigohy|@ig ny ) Y ins a2, By, B

where hj = (j—1)n+/ and h, = (r—1)n+/{. Because we already know that |a;, »;) = |ai, n;)
and |a217hr> |@i, p, ), there are only two ways that Equation (7] I can be satisfied. The first
possibility is that |a; 5,) and |a;, p,) are co-linear — in this case it is not difficult to see
that ® is not invertible, contradicting one of our hypotheses. The only other possibility is
that iy n,laiyn;) = diy ig by b, Cio by |Gis ny) @0d Ciy b, |@iy n,) = diy iy by e Cig by Qi p,) (€., the
constant factor differences between the h;-h columns of A;; and A;, and between the hi*
columns of A;, and A;, are the same). This establishes that for all 41,4 and all 1 <h <m
there exists a constant d;, ;, », such that A; (|h)(h| ® I,,)) = di, ipnAi (|h)(h| ® I,) (i.e., the
first n columns of each A; are the same up to a constant, the next n columns of each A; are
the same up to another constant, and so on). To establish that each of these m constants
must be the same, apply this same reasoning again but consider instead the action of ® on
the operators |7)(j| ® (1£) + |r))({¢] + (r]) € Si.

It follows that for all 41,72 there exists a constant d;, ;, such that A;, = d;, ;,A;,. Thus
® can be written with just one Kraus operator L (which is a multiple of Ay). The form of
L follows immediately from Theorem O

In order to demonstrate that the invertibility hypotheses of Theorem[d.1]and Corollary [4.2]
are indeed required, consider the operator L € L(H2) ® L(Hz2) defined by L := [1)(1] ®
[1)(1] + |1)(2| ® |1)(2|. Tt is clear that the range of L is span(|1) ® |1)) so L|v) is always a
multiple of a separable state. However, neither L nor SL can be written as an elementary
tensor P ® (), even if P and @ are allowed to be singular.

A final consequence of Theorem is that we will now present is a bipartite version of
Proposition [3.1] in the case of rank-1 operators.

Theorem 4.3. Let k,m,n be positive integers such that 1 < k < min{m,n} and let ® :
L(Hpm)QL(Hp) = L(Him)QL(Hy) be an invertible linear map. Define S C L(Hym) @ L(Hy)
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to be the set of rank-1 operators whose row and column space both have Schmidt rank no
greater than k:

S = {c|v)(w] € L(Hm) ® L(H,) : ¢ € R, SR(|v)), SR(|w)) < k}.

Then ®(S) C S if and only if ® can be written as a composition of one or more of the
following maps:

(a) X — LXM, where L, M € L(H,,) @ L(Hy) are invertible operators of the form (2),
(b) the transpose map T, and

(c) if k =1, the partial transpose map (idy, @ T).

Because the proof of this result is quite long and technical, we defer it to the appendix.
Although the result of Theorem as it is stated for rank-1 operators is enough for our
purposes, one question that we leave open that is perhaps interesting is whether or not
there exists a rank-r extension of it.

5. OPERATIONS PRESERVING SEPARABILITY NORMS AND MEASURES

Based on the Schmidt decomposition theorem, one can define the following family of
norms for bipartite vectors |v) € H,, ® H,, with Schmidt coefficients a1 > ag > -+ > 0 and
bipartite operators X € L(H,) ® L(Hy):

(8) [10)]] 4 = slug{|<w|v>| . SR(|w)) <k} =

(9) X0 = s {1wlX Il SR(w)),SA(w)

These norms have recently been studied in [4, [5 6, [7] and were shown to be related to
the problem of characterizing k-positive linear maps and detecting bound entangled non-
positive partial transpose states. Note that when & = min{m,n}, these norms coincide
with the standard Euclidean and operator norms, respectively. The linear isometries under
those two norms (that is, the linear maps that leave the norm unchanged) are both well-
known — the isometries for the Euclidean norm are exactly the unitary operators, and the
isometries for the operator norm are the maps ® that either take the form ®(X) = UXV
or ®(X) =UXTV for some unitary operators U and V [14].

Based on Theorem and these known results in the k& = min{m,n} case, one might
naively expect that the isometries under the rest of the norms || - || are the unitaries of
the form — we will show that this is indeed the case. Similarly, one might expect that
the isometries of the rest of the norms || - [|g(x) are the maps of the form ®(X) = UXV or
®(X) =UXTV, where U and V are unitary operators of the form (). We use Theorem
to show that is also correct except when k = 1, in which case there is an additional isometry:
the partial transpose map (idy, @ T').

Theorem 5.1. Let 1 < k < min{m,n} and U € L(Hn) ® L(Hy). Then HU!U}HS(k) =
H]v>HS(k) for all |v) € Hp, @ Hy if and only if U is a unitary of the form (T)).
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Proof. The “if” implication is trivial. To see the “only if” implication, use the vector-
operator isomorphism again to associate |v) with the operator A, and notice that |||v) Hs( =

\/Zle a?, where {;} are the (ordered) singular values of A,. Since this norm on A, is
unitarily-invariant and not a multiple of the Frobenius norm, it follows [15] that the map
®(; associated to U through the isomorphism is of the form &y (X) = WXY or n = m and
®y(X) = WXTY for some unitaries W € L(H,,),Y € L(H,). Thus we can write either
U=WaYlorU=SYToW) (if n=m). O

Another method of proving Theorem would be to first argue that U must be unitary,
then show that it must map the set of states with Schmidt rank at most k£ back into itself,
and then invoke Theorem We will use this approach to investigate the maps that
preserve the modified operator norm || - || g(x) for k& < min{m,n} (and again in Section |§| to
investigate operators that preserve the geometric measure of entanglement).

Although the proof of Theorem [5.1] was quite straightforward, proving the analogous
result for the norms || - ||g(x) is slightly more technical and uses some group theory ideas
presented in [19]. Given a group G C L(L(Hm) ® L(Hy)), relevant terminology that we
will use includes: G is said to be bounded if there exists K > 0 such that H@H < K for all
® € G, it is said to be unitary if ® is unitary (i.e., it preserves the Frobenius norm) for all

® € G, and it is said to be irreducible if span(G) = L(L(Hm) @ L(Hy))-

Theorem 5.2. Let 1 < k < min{m,n} and ® : L(H,) @ L(Hy) — L(Hum) @ L(Hy). Then
H<I>(X)H5(k) = HXHS(k) for all X € L(Hpm) ® L(Hy) if and only if ® can be written as a
composition of one or more of the following maps:

(a) X — UXV, where U and V are unitaries of the form ,

(b) the transpose map T, and
(c¢) if k =1, the partial transpose map (idy, @ T).

Proof. Again, the “if” implication is trivial. For the “only if” implication, we first use
some results from [19} 20] to show that any map that preserves || - [|g() also preserves the
Frobenius norm || - ||z. We then show that these maps must send rank 1 operators to rank
1 operators, and finally we use Theorem to pin down the result.

First, [19] Lemmas 2.2 and 2.3] (or equivalently, [20, Theorem 2.3]) say that if G is a
bounded group of linear operators that contains an irreducible unitary subgroup, then G
itself is a unitary group. So define

= {P®: L(Hm) @ L(Hn) = L(Hm) © L(Hy) : H@(X)Hs(k) = HXHS(k) for all X}.

Clearly G is bounded because it is the set of isometries under the norm || - [|g¢) and all
norms on a finite-dimensional space are equivalent. Additionally, G contains the unitary
subgroup

Gg := {CI) €G:9(X)= (U, ®@Uy)X (V1 ® Vi) for some fixed unitaries Uy, Ua, V1, VQ}
To see that Gg is irreducible, recall that the set of unitaries U € L(H,,) spans all of L(H.,),

so if we fix Us, V1, V5 then we can find maps in Gg that span the space of operators of the
form

P(X)=(A® U)X (Vi ® Va) for some fixed arbitrary A and unitaries Us, Vi, Va.
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Similarly, we can obtain any map of the form ®(X) = (A® B)X(C ® D) in the span of Gg,
where A, B,C, D are arbitrary. Operators of the form A ® B span all of L(H,,) ® L(H,),
so the span of Gg actually contains all maps of the form ®(X) = EXF and hence all maps
of the form ®(X) = ), E; X F;. Since all linear maps can be written in this form, it follows
that Gg spans the entire space of linear maps and hence is irreducible. It follows that G is

a unitary group and so if H@(X)Hs(k) = HXHS(k) for all X, then H@(X)HF = HXHF for all
X as well.
We will now consider how a || - [|g(x)-isometry ® acts on rank-1 operators. In particular,

let |v), |w) € Hp & Hy, with SR(|v)), SR(Jw)) < k. Then

L= [[lo}elllp = [[l) ]| g4y = [[@C0) D] o = [[@C0) (| gs-

However, HXHS(k) < HXH < HXHF for all X and HXH = HXHF if and only if X has rank
1. In this case, HXHS(k) = || X|| if and only if there exist |z}, ly) with SR(|z)), SR(|ly)) < k

such that X = |z)(y|. Thus ®(|v)(w|) = |z)(y| for some |z),|y) with SR(|z)), SR(|y)) <
k. Theorem then applies to ® (the fact that ® is invertible follows from it being an
isometry). To finish the proof, simply note that ® being unitary implies that the operators

L and M of Theorem [£.3] must be unitary. O
It is perhaps somewhat surprising that the group of || - [[g(x) isometries is slightly larger

for k =1 than it is for 1 < k < min{m, n}, though it was similarly observed in [5] that the
norm ||-[|g¢1y behaves slightly differently than || -||g() for 1 < k < min{m,n}. For example,
it was shown that if p is a Werner state [21] then either |p||s(k,) = I|olls(k,) for all k1, k2 or
Iollsy < llplls) = -+ = llpll- Similarly, there is a family of projections [4, Section 6] whose
1-norm is known, but whose 2-norm is unknown and whose computation would resolve a
decade-old conjecture of quantum information theory: that there exist non-positive partial
transpose bound entangled states.

Of course, if we consider only completely positive maps (or quantum operations) ®, then
Theorem says that ® preserves the norm | - [|g() (K < min{m,n}) if and only if there
exists a unitary U of the form (/1)) such that ®(X) = UXU* — a result that follows from the
facts that neither the transpose nor the partial transpose maps are completely positive and
the map X — UXV is completely positive if and only if V = U*.

6. MULTIPARTITE SEPARABILITY PRESERVERS

Thus far we have only considered operations that preserve separability and entanglement
in bipartite quantum systems — i.e., Hilbert that are the tensor product of two smaller
Hilbert spaces. We now consider the separability preserver problem in the case of multi-
partite quantum systems H,, ® --- ® H,, where p > 3. In particular, we will show that
exactly what might naively be expected to happen in this more general setting does indeed
happen — an operator U sends separable pure states to separable pure states if and only
if it is a composition of local unitaries and a swap operator. The difference is that in the
bipartite case there were only two subsystems to swap so there were only two possible swap
operators (the identity operator and the operator S, which we simply referred to as the
swap operator in the bipartite setting). In the multipartite case, there are p! different swap
operators, each corresponding to a permutation of the p subsystems.
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To make this result rigorous, we must first clarify our terminology in this setting. A pure
state |v) € Hp, ® -+ ® Hp, is said to be separable if it can be written in the form |v) =
|v1) ®- - ® |vp), where |v;) € H,,, for all i. Given a permutation o : {1,...,p} — {1,...,p},
we will define the swap operator Sy : [v1) ® -+ ® |vp) = [Vy1)) ® -+ ® |vy(p)) to be the
operator that permutes the p subsystems according to o. Additionally, we will define S to
be the set of non-zero scalar multiples of multipartite separable pure states:

S :={clw) € Hp, ® - @Hn, : c €R, |w) is separable }.
We are now in a position to present the main result of this section.

Theorem 6.1. Let L € L(Hy,) ® -+ ® L(Hnp,) be an invertible linear operator. Then
LS C S if and only if there exist invertible operators P; (1 < i < p) and a permutation
o:{1,....,p} = {1,...,p} such that L = S;(P, ® --- ® Pp). Furthermore, if L sends pure
states in S to pure states (i.e., it does not alter their norm) then each P; is unitary.

Before proving the theorem, we will need a few lemmas. Our first lemma says that the
sum of two separable pure states is separable if and only if the states are either identical or
differ on only one subsystem.

Lemma 6.2. Let |a) := |a1) ® --- @ |ap), |b) := [b1) ® --- @ [by) € Hpy @ -+ @ Hp,. Then
la) + |b) is separable if and only if |a;) = |b;) for all indices 1 < i < p with the exception of
at most one.

Proof. The “if” implication of the lemma is trivial. We prove the “only if” implication by
induction. The p = 2 case can be seen by using the standard bipartite vector to operator

isomorphism to associate |a1) ® |ag2) and |b1) ® |by) with |a1)(az| and |b1)(bs|, respectively.
Then |a1) ® |az) +|b1) ® |b2) is separable if and only if |aq)(az|+ |b1)(b2| is a rank-1 operator.
This operator has rank 1 if and only if |a1) = |b1) or |az) = |ba) (or both), which establishes
the base case p = 2.

Now suppose that the claim is true for some particular p > 2 and consider linear functions

fi7|v> tHpy @ @ Hpyyy = Hpy @+ @ Hy, defined on elementary tensors by
fijy(la1) ® -+ ® |apt1)) = (v]ai)]ar) ® -+ ® a;—1) @ |ait1) @ -+ @ |apt1).

Clearly f;,)(la)) is always a multiple of a separable state whenever |a) is separable. Now
pick two vectors |a) := |a1) @ - -+ @ |apt1), |b) == |b1) ® - - - @ |bp41) such that |a;) # |b;) and
laj) # |bj) for some i # j. We consider two cases:

Case 1: there exists h such that |ay) = [bs). Then f, 4,y(|a)) and f}, |4,)(|b)) are sepa-
rable pure states living on a tensor product of p Hilbert spaces that are different on the i
and j** subsystems. By inductive hypothesis, fhijan)(la) +]b)) is not separable, so neither
is |a) + |b).

Case 2: |ap) # |by) for all h. Then fy )1 pp,)(|a)) and fi jq,)45,)(|0)) are multiples of
separable pure states living on a tensor product of p Hilbert spaces that are different on
all p subsystems. Again by inductive hypothesis, f} |q,)+(s,)(|@) + [b)) is not separable, so
neither is |a) + |b). O
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Our next lemma shows that if LS C S and three separable states |v), |w), |x) differ from
each other only on one subsystem, then L|v), Llw), L|z) differ from each other only on one
subsystem as well. Together with Lemma this shows that if separable states |v) and
|w) differ on only one subsystem then L|v) and L|w) can only differ on one subsystem as
well. Furthermore, the subsystem that L|v) and L|w) differ on depends only on |v) and the
subsystem that |v) and |w) differ on, not how they differ on that subsystem.

Lemma 6.3. Let L € L(Hpn,) ® -+ @ L(Hn,) be a linear operator such that LS C S. Let
v) = 1) @+ @ vie1) ® |a) @ [vig1) @ -+ @ |vp),
w) = |v1) ® - @ [vie1) ® [b) @ [vig1) ®@ -+ @ |vp),
|z) == [v1) ® -+ ® [vi-1) ®]€) ® [vi41) ® -+ @ |vp).
Suppose we can write

Lpo) = colun) ® - & [wn_1) ® |d) © [whs1) @ - @ |w) and

Llw) := cplw) © -+ @ lwp1) @ [€) @ [why1) @ - - @ [wp).
Then there exists a constant ¢, and a state |f) € Hy, such that

Llz) = cplwi) @ -+ @ [wp—1) @ |f) @ |wpy1) @ -+ @ |wp).
Proof. By the separability-preservation property of L, we know that we can write
Liz) = color) @+ @ [z).

Thus all we need to show is that |z;) = |w;) for all i # h. To this end, notice that L(|v)+|z))
and L(|w) + |z)) must be separable, so Lemma [6.2] says that L|z) differs from each of L|v)
and L|w) on at most one subsystem. Suppose L|x) differs from L|v) on the j subsystem
(j # h) — then L|z) differs from L|w) on the 5% and h™ subsystems, so by Lemma [6.2 we
know that L(|w) + |z)) is not separable. This is a contradiction, so we see that L|x) differs
from L|v) (and L|w)) only on the h*" subsystem. O

Proof of Theorem [6.1. As in the bipartite case, the “if” implication is trivial. For the “only
if” implication, we will begin by defining four vectors:

1) =) @) 1)@ &1),
v2) :=12) @) @[1) @--- @ 1),
v3) = 1) ®[2) ®[1) @ @1)
lvg) =12)@12) @ 1) ®--- @ [1).
By Lemma [6.2| we know that L|v1) and L|vg) differ on only one subsystem and L|vi) and
L|vs) differ on only one subsystem (without loss of generality we may assume that L|v;)

and L|vg) differ on the first subsystem and L|v;) and L|vs) differ on the second subsystem
by multiplying L on the left by a suitable swap operator S,). Thus we can write

Llvr) = [a) ® [b) ® |w3) ® - - & |wp),
Llvg) := [¢) ® |b) ® |ws) ® -+ @ |wp),
Livz) :==|a) ® |d) ® |w3) @ - - - @ |wp).
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However, using the fact (again by Lemma that L|vs) can differ from each of L|ve) and
L|vs) on only one subsystem, we see that either L|vs) = L|v1) (implying L is not invertible)
or

Lvg) := |o) @ |d) @ [w3) @ -+ @ |wp).

By repeating this argument and using Lemma/6.3}, we see that as long as we keep |ws), . . ., |wp)
fixed, varying the first subsystem of |v1) will alter only the first subsystem of L|v;) and vary-
ing the second subsystem of |v1) will alter only the second subsystem of L|v1). We will now
show that we can extend this to the third subsystem, and so on.

Consider now the vectors

lvs) == @) )®---®|1),

lvg) = =12) @) ®[2) R [1) ®---® [1).
Then L|v1) and L|vs) differ on only one subsystem (without loss of generality, the third
subsystem). Similarly, L|vs) and L|vg) differ on only one subsystem (say the h'*). Because
L|v1) and L|vg) differ only on the first subsystem, it follows that L|vs) and L|vg) differ
on the first, third, and h* subsystems. However, L(|vs) + |vg)) is separable so it follows
that h = 3 and state on the third subsystem of L|vs) is the same as the state on the third
subsystem of L|vg). Repeating these various arguments finally shows that there is a swap
operator S, such that the i*" subsystem of the output of SyL depends only on the i

subsystem of the input. That is, there exist (necessarily invertible) operators P; € L(Hy,)
such that

SoL=P,®--® P,

The final claim about each P; being unitary when L preserves the length of pure states is
trivial. g

One useful application of Theorem [6.1] is we can now characterize all operators that
preserve the geometric measure of entanglement [8], which is defined by

2
B(|jv)) =1~ sup {[{w[v)|*},
|lwyeS
where we note that the supremum is taken over only the pure states (i.e., vectors of length 1)
in S. Observe that in the bipartite case we have E(|v)) =1 — H\v>”i(k), so it is perhaps not

surprising in light of Theorem that the operators that preserve the geometric measure
of entanglement are exactly the unitary operators of the form described by Theorem -
a result that we will now demonstrate.

Instead of dealing with E itself, it will be useful to consider the quantity G(|v)) :=
SUP|y)es {|{w|v)|} and simply note that E(L|v)) = E(|v)) for all |v) if and only if G(L|v)) =
G(|v)) for all |v). It is not difficult to see that G is a norm so the group of operators

G:={L€L(MHn)® @ LMHn,) : G(L|v)) = G(Jv)) for all [v) € Hp, @+ @ Hy, }
is bounded. Furthermore, we can argue as in the proof of Theorem that the group
Gs ={U1®@ - Q@Up € L(Hp,) ® - ® L(Hy,) : U; € L(Hy,) is unitary for all i}



CHARACTERIZING OPERATIONS PRESERVING SEPARABILITY MEASURES 13

is an irreducible unitary subgroup of G. It follows that G is a unitary group, so if E(L|v)) =
E(|v)) for all |v) then L must be unitary. Now using the fact that E(|v)) = 0 if and only if
|v) is separable, we see that L|v) must be separable whenever |v) is separable. By invoking
Theorem we have proved the following;:

Corollary 6.4. Let U € L(Hn,)®---®L(Hn,) be a linear operator. Then E(Ulv)) = E(|v))
for all |v) if and only if there exist unitaries U; € L(Hy,) (1 <i <p) and a swap operator
So i 1) @+ @ [vp) = |vg1)) @ - @ |vg(p)) such that U = Sp(U1 @ -+ @ Up).

We leave it as an open question whether or not Theorem generalizes for arbitrary
k > 1 to the multipartite case. That is, if L is a multipartite invertible operator sending
tensors with rank at most k to tensors with rank at most k, does it follow that it must be
of the form described by Theorem [6.1f
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Andreas Winter for asking helpful questions that led to this work. Thanks to David Kribs for
constant support. The author was supported by an NSERC Canada Graduate Scholarship
and the University of Guelph Brock Scholarship.

APPENDIX: PROOF OF THEOREM .3

We begin with a simple lemma that can be thought of as a bipartite rank-k version of
Lemma

Lemma 6.5. Given all the hypotheses of Theorem and the fact that ®(S) C S, suppose
we have three distinct vectors |vy), |ve), |113> € Hm ® Hy, with related tensor decompositions

V1) Z&Im@lb [vg) = Z%\m@lq |lvg) = Z5|az®|d

If there exist \w>, \x), ly1), ly2) all with Schmzdt rank no larger thcm k and constants ci, ¢z
such that ®(|vi)(w]) = ci|z)(y1| and ®(Jva)(w|) = calx)(y2|, then there exists |ys) with
SR(|lys)) <k and a constant c3 such that ®(|vs){w|) = c3|x)(ys].

Proof. By hypothesis, there exist cs, |z3), |y3) with SR(|z3)), SR(|ys)) < k such that ®(|vs)(w|) =

cslzs)(ys|, so we just need to show that |x3) = |z). To this end, note that SR(Jv1) +
|vs)), SR(|v2) + |vs)) < k so there exist scalars ca4, c5 and pure states |z4), |z5), |ya), |ys) all
with Schmidt rank at most k such that

®((Jo1) + [vs))(w]) =e1lz)(y1| + eslws)(ys| = calza)(ya|  and
D ((Jvz) + |vs))(wl) =cal)(ya| + c3las)(ys| = cslws) (ys).

The only way for the first string of equalities to be satisfied is if |x) = |z3) or |y1) = |y3). The
only way for the second string of equalities to be satisfied is if |z) = |z3) or |y2) = |y3). Thus,
either |z) = |z3) or |y1) = |y2). However, if |y1) = |y2) then ®(|v1)(w]) is a scalar multiple of
®(|vg)(w|). By linearity and invertibility of ® it follows that |v1) = |va), contradicting the
hypothesis that the vectors |v;) are distinct. It thus must be the case that |z) = |z3). O

We are now in a position to prove Theorem The “if” implication of the theorem is
trivial to check, so we focus on the “only if” implication. Our proof will begin much like the
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proof of Lemma For convenience it will be assumed throughout the proof that, unless
stated otherwise, all bipartite vectors mentioned have Schmidt rank at most k. Consider
vectors |v1), |va), |u3) with related Schmidt decompositions

lv1) Z%Wﬁ ® |bi), |va2) = Z/BZ|CZ ® |bi), |v3) = Z%lcz ® |d;).

We will make use of the fact that any linear combination of |v1) and |vg), or |vg) and |vs) has
Schmidt rank no larger than k. Suppose ®(|vi)(w|) = ci|z1){y1|, P(|Jv2)(w]) = ca|za)(y2l,
and ®(|vs)(w|) = es|zs)(ys|. Then there exist cg,c5 € R and |x4), |5), |y4), |ys) such that

D ((Jv1) + |v2))(wl) = cilz1)(y1] + colwz) (y2| = calxa)(ya| and
@ ((Jvz) + |vs))(wl) = colwa)(ya| + c3las)(ys| = cslws) (ys).

The only way for the first string of equalities to hold is if either |z1) = |z2) or |y1) = |y2).
We will assume that |x1) = |x2) (if |y1) = |y2) then consider the map T o ® instead of ®
itself). Lemma 6.5 then implies that the range of ®(|v)(w]) is the line spanned by |z1) for

any |v) with right singular vectors {\bz>}f:1 Similarly, the second string of equalities can
only hold if either |z2) = |z3) or |y2) = |ys).

Case 1: |z2) = |z3). Then ®(|vi)(w]) = ci]z1)(y1] and ®(|Jvz)(w]) = cs|z1){ys|.
follows (again by Lemma that the range of ®(|vg)(w]) is the line spanned by |z;) for
any |vs) with SR(|vy)) < k. Because any vector |v) (not necessarily of small Schmidt rank)
can be written as a linear combination of vectors with Schmidt rank no greater than k,
it follows that the range of ®(|v)(w]) is the line spanned by |z;) for any |v) of arbitrary
Schmidt rank. Now we can repeat the above argument to see that, much like varying |v)
fixes the range of ®(|v)(w|) but changes its row space, varying |w) fixes the row space of
®(Jv)(w|) but changes its range. It follows that ®(|v)(w]|) is always rank-1, regardless of
the Schmidt rank of |v) and |w). Thus ® sends rank-1 operators to rank-1 operators and
so Proposition tells us that there exist nonsingular P, Q € L(H,,) ® L(Hy) such that

d(X)=PXQ or ®X)=PXTQ.
The fact that P and @ must be of the desired form follows from Theorem

Case 2: |y2) = |y3). Suppose for now that k£ > 2 and consider the two so-called “Bell
states”

S(0om+ReR) md lm)= (e +2e D)

For these states, notice that they can be transformed into each other by only altering the
left singular vectors, or alternatively only altering the right singular vectors. In particular,
it U = |1)(2| + |2)(1| € L(Hz2) then (I @ U)|¢1) = (U @ I2)|p1) = |¢p2), where I is the
identity operator on L£(Hz). This shows that it is not possible, if k& > 2, that altering the
left singular vectors of |vy) alters the range of ®(|vg)(w|) while altering the right singular
vectors of |vg) alters the row space of ®(|ve)(w]|). Thus we can not have |y2) = |y3) when
k> 2.

|p1) =
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If k = 1, then write [v1) = [01)®|[02), [v2) = |U3)®[V2), |v3) = |U3)®|V4), |zi) = |zi1)®|2i2),
lyi) = |yi1) ® |yia), and |w) = |w1) @ |ws). Then we have the following:

([01)(w1] @ [v2)(w2]) = e1]m11)(y11| @ [w12)(y12],
(|73) (w1] @ [v2) (w2]) = calw11)(ya1| @ |T12) (Y2,
O(|03) (w1 | @ [va) (wa]) = c3|w31) (y21| @ |232) (Y22-

By adding the first two equations above, we see that
O(([01) + 193)) (wi| @ J2) (wal) = (Jz11) @ [212)) (er{ynn] ® (o] + calyar| ® (yoal)-

Because ¢1|y11) ® |y12) + c2|y21) ® |y22) must have Schmidt rank 1, it follows that either
ly11) = |y21) or |y12) = |y22). We will assume that |y12) = |y22) (if |y11) = |y21) instead
then consider the map X — S®(X)S rather than & itself). Similarly, adding the second
and third equalities above shows that ca|z11) ® |T12) + ¢3]|T31) ® |T32) has Schmidt rank
1 and so either |z11) = |x31) or |z12) = |x32). If |x11) = |x31) then notice that the map
(id, ® T) o @ falls into case 1 above. Alternatively, if |x12) = |z32) then that the map
X — (T'®1id,)(SP(X)) falls into case 1 above. This completes the proof.
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